GENERALIZATION OF THE EQUATIONS FOR INTERSECTING
TURBULENT JETS

Vioctor Pimsner

l. Prelimipary

The interseoctions of turbulent jets
have a pumber of technioal applications.

The interseoting jets may be isotherm-
al and pon-isothermal, as their tempera-
tures are equal or differing from one ano-
ther and from that of the medium where the
intersection takes place.

In terms on one hand of the geometrio,
kinetio and heat parameters of the jets,
and on the other hand of +the initial in~
oidence angle, the intersection may take
place either between the jet boundary lay-
ers, or between their base spaces. The
space where the interseotion takes place
may also affect both the charaoteristies
of the inocident jets and those of the jet
resulting from interseotion, and wémgrrive,
0.8+ to an interseotion of half-jeta.

In the following we will refer to the
isothermeal and nonisothermal incompressible
turbulent jets, plane-parallel, of gases
in gag, with initial fields of uniform
velocities or whioch are differing in value
from one another, intersecting under any
angle of incidence in an unbounded space.

Previous works /3/, /4/ have suggest—
ed a oaloulation form and have determined
the general equation of the plane-parallel,
isothermal and non~igsothermal turbulent
jet interseotion in the above mentioned
oonditiona; the main magnitudes desorib-
ing the interseotion, i.e.t equation of the
resulting jet round axis; variations of the
axial veloocity and of the resulting jet
bhalf-width, as well as temperature axial
difference have been determined.

Stefan Vintild

Starting from the plane-parallel,
non-isothermal turbulent jet intersection
results we have obtained in this paper
through partloularization the results for
the plane-parallel, isothermal turbulent
Jjet interseotion and further on, through
boundary transition, when the slit width
of one of the jets tends to infinite, we
have reaoched the result known from litera-
ture /1/, /5/ of the intersection of a
turbulent jet with an uniform ocurrent.

The high generalization degree of
the plane-parallel, nonisothermal tur-
bulent Jjet interseotion equations is thus
emphasized. Besides, it should be mention-
ed that a series of experimental results
have been obtained whioh are confirming
the caloulation form and the adopted fun=-
damental assumption.

2. General equations of the plan-
parallel, non-isothermal
turbulent jet laterseotion

For studying the intersection we
have used the system of reference rectaggul-
ar axes xoy (Fig.l) and for each jet the
gyatenma? X077 obteined from xoy through
a rotation of the angle u;o, and X50555s
resapectively, obtained from xoy through a
tranalatory motion in the positive sense
of the axla of ordinates, by the value A ,
where 0x, and 05X5, respeatively, coincide
with the respective jet initial axes.

The angle of the jet lateral dif-
fusion (Fig.l) being known /1/, /2/, We
may write the equations of the lateral
limita OlA and OZA, respeoctively, of the
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FIGURE 1.

two Jets and from their interseotion we
obtain the ocoordinates of point A (Fig.l):

" 1
A = =
tge + tg (oco + 8)
tg(OCo + )
yA =

tge + tg (O(:.o + 9)

By passing through the polnt A a
plane normal on eaoh of the axes 0X, ,
05X respectively, of the two inocident
jets and a plane normal to the resultant
jet ourved axie, a control surface is
formed with its lateral surfaoces, enclesing
a space for whioh the general equations of
the lnterseotior are written.

For this purpose the following ass-
umptions are stated:
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INTERSECTION OF NON-ISOTHERMAL PLANE~PARALLEL

- the form of the oross seetion
normal on the round axis of the jet
resulting from interseotion is oconsi-
dered flat, and reotangular;

~ the jet half-widths after inter-
seotion, b and b', respeotively, (Fig.l)
will differ as a result of the asymmetrio
motion; but, in a first approximation,
these half-widths are considered identical;

= the ocomponents of the velooity
vectors on the normal to the round axis
of the interseotlion resulting jet are
smaller as oompared to the ocomponents on
the tangent € to the Jet round axis in
the same point.

The geometriocal and physical magni-
tudes will be denoted by the subsoripts
1l and 2, respeotively, for the two Jeta



engaged in intersection and the subsoript
8 for the resulting jet; moreover, the
aubsaoript o will be used for the magnitu-~
des related to the initial sections of
the two jets and the subsoript t for the
thermal (non-isothermal) jeta.

We oconasider that the interseotion
ooours between the base spaces of the two
Jeta and that it has uniform but unequal
initial velooity fields (e.geuw >u,), 80
that the inclined jet (Fig.l) will have a
total energy greater than the horizontal
Jjet whom it will bend by drawing along.
Starting from the mix initial seotions
oormal on the 0Xy and 0,X, 8xes, regpect-
ively, and passipg through the point A
(Fig.l), a turbulent diffusion of sub-
gtance, pulaes and heat will be generat-
ed, the inoclined jet aoting on the horizoot-
al jet with a pressure foroce located in
the plane normal on the ourved axis of the
resulting jet, Owing to temperature dif-
ferences, & non-uniformity of the density
field will be generated and lifting foroes
(buoyanoy) will arise both in each non-
isothermal jet and in the jet resulting
from intersection. The lifting foroes from
the inoident Jjets may be negleoted in com-
parison with the 1lifting foroe from the
resulting Jet, if the intersection ocours
at the beginning of the incident jet base
spaces, Preservation of the resulting Jjet
on the round path will result from the
aotion of the centrifugal foroe located
in the plane normal to this path. The eddy
dynemio equilibrium in the resulting Jet
will be established when the reaultant of
the pressure de, lifting dFa and centri-
fuge dF° forces will vanish (Fig.l).

These being the conditions, the in-
tersection of the non-isothermal plan-~
parallel turbulent jets will be desoribed

by the following asystem of equations:
- gontinuity equation:

uatdn= ?1ultdyl+ gauatdya (1)

S

- impulse equations in projection on
the ox and oy axea, respeotively:

\ 708

2 1 2
gs 0008 0C, do= ?lult0030c0d31+

2
+§é“2t dy2 (2)

2 _ -
geustsinoctdn_ ?lultsincxb dy, (3)

= energy equation:
o4 gsust (TS—Ti)dn=o1 glult (Tl-Ti)dyl+
+ 05 §2 Usy, (T2-T1) dy2 )

- equation of dynemioc equilibrium:

de + dF, cosxcy = = dF, (5)
where:
2
(9 uzy)
de:Gn —2—2—‘59-'3—11 sinaoctds (6)
arF_=( § - ) gdV=( © - ¢ ).
a
i ?;mean ?1 tsmean
.g2bhds (?7)
(¢ uﬁt)
8 mean
dF, = ———— 2bhds (8)
- oquation of state:
P= ¢gBRe (9)

Thbe following symbole have been uaed
in the above equationa: Upgs Uoptd U e =
veloolties; 91; 92; % - densities; T;;
T2; Ts - temperatures; cl; 02; Cs - gpeg-
ifio heat capaocities, in a point of the
normal oross gseotions and on the incident
Jet axes and on the reaulting Jjet round
axis, respectively; Ty - abaolute temper-
ature of the medium where the intersegtion
ia generated;

C, = looal gradient of the round axis
of the jet resulting from ianter-
section, also referred to as a-
ngle of defleation;

- faotor allowing for the variation
of the pressure exerted by the
jet inolined on the contaoct sur-
face with the horizontal Jet

dV - considered elementary space

t
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R - gas specific oconstant;

€& - gravity acoceleration.

From the equation ayatem (1) to (9)
we have attained the differential equatdoni

7'3 + ”o + By" =0 (10)
whioh integrated at bdundary conditions
(Fig.1l):

- foxr x=x and y=y, ¢+ ¥y} =3, =tgX

leads to the equation of the noa-isotherm-
al jet round axis resulting from the in-
terseotion of the two plame-parallel non-
isothermal turbulent jeta:

K k10 %lmean ol

( mtl) +

-5(x-x )
y=yA1+ \—ﬁ-x[a.ro tg(t\/(lﬁ\otgoo Je ‘1-1)—

-arotg( VA 0tg0oc, ) (11)

The magnitudes A and B from equations
(o) and (11) may be calculated by means
of the known relationa from Jjet ocoaven~
tional theory /1/ and of the following
expresgions /4/3%
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5. General equatigna of the - continuity equation:

plane-parallel, isothermal S AR VLY a3 (14)
- turbulent jet interseotion Qs a 31 1M1 ?2 22

- impulse equations in projection on
the ox and oy axes, respectively:

The system of axes of reference and
the relative positions of the inoident
isothermal plane-parallel, turbulent Jjets

engaged in interseotion (Fig.2) are pre-
served as with the non-isothermal jets.
The caloulation form is also preserved,
esoept that the jets being isothermal the ? u§ dn sinoc = ? uidylainoco (16)
buoyanoy type lifting forces are vahishing, 8 1

hence the dynamioc equilibrium of the tur-~
bulent flow in the rezulting jet will be

) )
g sus dn ocosy = glul dyloosoc°+

2
+§2 w54y, 15)

- equation of flow dynamio equilib-

rium:
established when the resultant of the
pressure and oentrifugal foroes will dFP = - dF (17)
vanish.
Therefore, the interseotion of the axs 2
plane~parallel, isothermal turbulent jets ?2(u2)mean >
will be desoribed by the equation system Ca b gi“ o ds=
gonaigting of: ?s(ua)meaanhda (18
== 2 )
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FIGURE 2. INTERSECTION OF TWO PLANE-PARALIEIL, ISOTHERMAL JETS
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where the symbols have the known signifio-

ances. =y, + 1im —£-.
From the equation system (14) to (18) 1 A0 VA -7
we have obtained the differential equskions —F(x-xAl)
amtgl (1+Aotgzoco) o -1) -
l!ﬁ = =F (19)
J - arotg ( VA otg oc,) (22)

which integrated at boundary oondition:
It sbould be noticed that the boun-
dary of the seoond term from the right-

gives the equation of the axis of the jet hand side of the relation (22) leads to
the indeterminaocy g, for whose elimina-

tion the rule of L'Héspital should ba
applied and we obtalns

- for x=x and y=y ¥! = tgoC
Al Al’ Al o

resulting from the plane-parallel, iso-
thermal turbulent jet interseotion:

+\ [ 2 g 2h -
y::yAl+F(_ \/F—(x xAl)+°tS K o °t80C°) (20) %Cx—x ) 2—ﬁ(x—x )
where the magnitude F may be oaloulated otg%coo +(1-|A01320(9.%6:-xﬁ)e
/3/ by using the known relations from the = —
jet oonventional theory /1/ and has the R - Wy
following expression: > 2\ /(1+Aotg oco)o -1
2 meay
(=)
¥ kg 1.?1 ( °1) —Dl—b sinoc, (21)
i ¢ 1
n 2? Yo2 0L,
R jin | T ]
o A0 X +A
2\/(1+Aotg2 0)® *A_%

4, Interseotion of the plane-—parallel,

igothermal turbulent jets, special
coase of the plane-parallel, non-

isothermal turbulent jet inter- ¥=y, +F. (23)

seotion 1

e lim 1

AwO 2VA
The equation (20) of the round axis ort
of the jet resulting from the interseotion %(X‘XA;B (1+A otggcn),,otszoco
of two plane-parallel, isothermal turbu- x=yA1 +F lim .
A~0O 1+4 otg2Co

lent Jjets may be obtained from the equa-
tion (11) of the jet resulting from the ] )
interseoction of non-sothermal jets, by 'F(X-XA
paseing this equation to boundary, when (1+A°tSoC Je -1
the two jets have identical temperatures.
In this case, we notioce from the relation 14m °t39° (24)
(12) that A = O, and by oomparing the A= O 1+Aotg =y

relations (13) and (21) there direotly
resulte that B = F.

to boundary oconditions we obtains
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2 2
=y +F{[ (x-x, Wotge e 1lim A A
ki e il B ar, ) agaii (e
(1+Actg%¢b)e L5 R
It should be notioed that the radical
boundary again leads to the indeterminaoy
g, requiring once more the application of
the rule of L'Héspital; we geti
2 2 | 1
¥=y, +F [ (x=x, )+otgoc .l = - otge
A { F Ay o g%(x_x ) g_g(x_x ) 6
2 Ay 2 TR
lim otg'oc,@ + X )(1+Aotgoc°)e
A0 A':I.
(26)
wherefrom:
2 2
F’(Z—XAI + aotg oC o
vy +F [ = otgC, (27)
\/ %( X=X A{-}.otg?oc o
or
2 2
y:yAl +F |+ F(x—xil)+otg<x;o ~ otgoc, (28)

whioh is just the equation (20) of the
round axis of the Jet resgulting from the
intersection of the plane~parallel iso-
thermal turbulent Jets,

5. Interseotion of a turbulent jet
with an uniform flow, speolal ocase
of jet interseotion

Satrting from the equation (28) of
the round axis of the Jet resulting from
the interseotion of two plane-parallel,
isothermal turbulent jete, at boundary,
‘when the width b02 of the horizontal Jet
8lit tends to infimity (b°2-—~oo), the
even u . velooity distribution being pres-
erved, we obtain the equation of the tur-
bulent jet interseoted by an even flow,
equation that has been determined by Abra-
movioi G.N./1/ aoccording to the Volinski's
method.

Agtually, at boundary the equation
(28) may be written as follows:

xq%i
=lim |+ 2—F———o-otgzoc ~otgoC
b_z»o° b 0 0

o2 &f”

(29)

But, from Fig.2 we see that for b6{°°

X, > 0 and y‘—>0, suoh that relation (29)

1 1

becomes:

—L = 4| 2% +otg20c,°-otgoc (30)
lim F lim F °
b—+o00 b—o0o

02 02

Therefore, only lim F has still to be
b—r-oo
02
oaloulated, and with this end in view we
will firat ocorrelate some symbols, i.e. :

when b-+o00c , U —» W wheret w -is the
02 02
uniform flow veloolty and u,;— Y, and

?1'*§; and fa*'fw wheret w; u 3 § ?w -



are the symbols used by Abramovioi G.N.
/1/.
Sinoce the distributions of the ve-

locities u, and w are uniform at boundary,

we obtain:
b%i:a umeanl= Yot b}}:Lumean2 ol
02 02

By means of these observations, we
obtain:

1 51

1l
lim F=lim : (5= "o ) .
b+occ b-wo n K—?-
02 02
e 2
u 28 € u®sine 2
ol -bolsin“b= ogg 0 ; o__ £ (3L
u 2
m C w
(= 2 Su
02
where k is a oconstant determined by
Abramoviois
¢, ¢ W
w
Em (32)
By gouo sina%

where S; = bol and substituting the re-
lation (31) in the equation (30), we ob-
tain:

y= (2 \| kxwotgPoc —otgoc,)

whioh is juat the ;quation of the round
axis of a turbulent jet interswoted by an
uniform flow, equation that has been ob-
tained by Abramovioi G.N. /1/.

(33)

6. Conolusions
The equationa of the interseotions of

isothermal and nonisothermal turbulent

Jjets generalize a number of cases of in-

terseotions of jets with uniform flows,
Allowing for the stated assumptions,

" the obtained egquations are valid for plane-

-parallel subsonic, isothermal and non-
isothermal turbulent jets, respeotively,
of incompresaible fluids.

The carried out experimental deter-—
minations have oconfirmed the acopted cal-~
culation form and assumptions.

Bibliography

1, Abramovioi, G.N. ~ Teoria turbulentnih
strui, Moskva, 19%o0.

2. Pai 8hih, I, - Fluid Dynamiocs of Jet,
Van Nostrand.

3. Pimsner, V., Vintild, St. - Einige
Probleme die bei der ﬁbersohneidung
von turbulenten Strahlen auftauchen,
Revue Roumaine des Soiences Techniques,
Editions de 1l'Académie de la République
Socialiste de Roumanie, No. 3, Tome 18,
1973.

4, Plmasner, V., Vintild St. - Interseqgtions
of Turbulent Isothermal and Non-iso-
thermal Jets, International Journal of
Heat and Mass Tranafer, 1974.

5. Palatnik, J.B., Temirbaev, D.J, =
Priblijenoie opredelenie traleatorii
atruli v snosiascem potoke, V.sb. Pro-
blemi teploenmerghetiki i prikladnoi
teplofiziki, vip. 6, Izdatelstvo Nauks,
Kazahgkoi SSR, Alma-Ata, 1970,

713



